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Abstract
Recently, we have developed a new formalism to evaluate QCD
loop diagrams with a single virtual gluon using a running coupling
constant at the vertices. It corresponds to an all-order resummation
of certain terms (the so-called renormalon chains) in a perturbative
series and provides a generalization of the scale-setting prescription of
Brodsky, Lepage and Mackenzie. In its original form the method is
applicable to Green functions without external gluons and to euclidean
correlation functions. Here we generalize the approach to the case of
cross sections and inclusive decay rates, which receive both virtual and
real gluon corrections. We encounter non-perturbative ambiguities in
the resummation of the perturbative series, which may hinder the











Recently, a new approach has been developed to investigate the momen-
tum ow in Feynman diagrams containing a single virtual gluon line [1]. It
was initiated by the observation that sometimes the \typical" momenta in
a loop diagram are dierent from the \natural" scale of the process. This
is indicated by the fact that in the perturbative series for some quantities,
which depend on a single large mass scale M , there remain large two-loop





when one uses the \natural" scale M to evaluate







is the rst coecient
of the -function, and n
f
denotes the number of light quark avours. Such
terms arise from self-energy corrections to the gluon propagator in one-loop
diagrams. Brodsky, Lepage and Mackenzie (BLM) have argued that their
appearance indicates an inappropriate choice of the renormalization scale,
and that these terms should be removed by redening the scale in the one-
loop running coupling constant [2]. This prescription denes the BLM scale

BLM
, which may be interpreted as the \typical" scale of virtual momenta
in Feynman diagrams. One of the goals of Ref. [1] was to obtain an under-
standing of the relation between the BLM scale and the \natural" scale of a
process, in particular in cases where 
BLM
M .
Consider the calculation of a physical (i.e. renormalization-scheme invari-
ant and infrared nite) quantity S(M
2
) at order 
s
in perturbation theory.
The BLM prescription is equivalent to using the average virtuality of the
gluon as the scale in the running coupling constant. In Ref. [1] we have





) at the vertices, where k is the momentum owing
through the virtual gluon line. The result gives the average of the running
coupling constant over the virtual momenta in Feynman diagrams. It may






















where the scheme-independent function
b
w( ) describes the distribution of
virtualities in the loop calculation. The constant C depends on the renor-

















is scheme-independent, where 
QCD
is the scale parameter in the one-loop
expression for the running coupling constant. We note that C =  5=3 in
the MS scheme, C =  5=3 +    ln 4 in the MS scheme, and C = 0 in the
so-called V scheme [2].
Eq. (1) is equivalent to an all-order resummation of certain terms in
the perturbative series for the quantity S(M
2
). This explains the subscript











































w( ) ( C   ln  )
n 1
: (3)







turbative series for the quantity S(M
2
). The resummation of such terms
has also been considered by Beneke and Braun [3], using however a dierent
formalism. To understand what it corresponds to, consider a Feynman dia-
gram with a single virtual gluon line. A particular set of higher-order graphs
is obtained by inserting (n   1) light-quark loops on the gluon propagator.






. In an abelian theory these
eects are obviously related to the renormalization of the coupling constant.
In a non-abelian theory one may try to incorporate the eects of gauge- and







. It is not easy to specify exactly
which class of diagrams is taken into account after this replacement; how-
ever, one calls this class of diagrams a renormalon chain. It is the all-order
resummation of renormalon chains that is accomplished in (3).
The fact that the integration in (1) extends to  ! 0 indicates the ap-
pearance of non-perturbative eects, which arise because of the divergent
behaviour of perturbative expansions in QCD. As long as one stays within
perturbation theory one faces the problem that the  -integral in (1) runs over
the Landau pole in the running coupling constant. Thus, one has to specify
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ln    ln 
L











is the position of the Landau pole, \P" denotes the
principle value, and  is a complex parameter of order unity, which depends
on the regularization prescription. This prescription dependence leads to an
intrinsic ambiguity in the perturbative denition of S(M
2
), reecting the
fact that in (3) one is attempting to sum up a series which is not Borel
summable. The Borel transform corresponding to the perturbative series for
S(M
2
) contains singularities, the so-called infrared renormalons, which make
the Borel sum ill dened [4]{[15]. One can show that our result (1) together
with the principle value prescription in (4) is equivalent to the principle value
of the Borel integral; similarly, taking  = i (or  i) in (4) is equivalent
to performing the Borel integral above (or below) the singularities on the
real axis [16]. We dene the renormalon ambiguity S
ren
in the value of the
perturbative series for S(M
2























where we have used the fact that 
L
 1 to expand the distribution function:
b




+ : : : for  ! 0. (6)
It is the asymptotic behaviour of the distribution function for small values
of  that determines the size of the renormalon ambiguity. The power k
coincides with the position of the nearest infrared renormalon pole in the
Borel plane [1]. Note that k > 0 in order for the integral in (1) to be infrared
convergent.
The appearance of infrared renormalons acts as a reminder that the re-
sult of any perturbative calculation in QCD is incomplete; it must be sup-
plemented by non-perturbative corrections. Only the sum of all perturbative
and non-perturbative contributions is unambiguous. Unlike any nite-order
calculation, the representation (1) makes explicit that perturbative calcula-
tions contain long-distance contributions from the region of low momenta in
Feynman diagrams. Moreover, it provides a convenient way to implement
3
Wilson's construction of the operator product expansion (OPE) [17]. Since
the integration variable  can be interpreted as a physical scale parameter,
one can separate the contributions from dierent momentum scales by split-
ting up the integral into a short-distance piece containing the contributions









. Here  acts as a hard factorization scale, which should be chosen
such that 
V
   M . The short-distance contribution can be reliably
calculated in perturbation theory and is free of renormalon ambiguities. The
long-distance contribution must be combined with other non-perturbative
corrections. Only the sum of all long-distance contributions is well dened.




) to the BLM scale-






















































 i   hln  i
2
: (8)















for the average of a function f( ) over the distribution
b
w( ). Both the value





) and the parameter  are renormalization-







and is related to the width (with respect to ln  ) of the distribution
function.
In Ref. [1] we have developed the resummation procedure for QCD Green
functions without external gluon elds, and for euclidean correlation func-
tions of currents. In this case only virtual gluon corrections have to be
4
considered. From the phenomenological point of view it is most interesting
to extend the formalism to the case of cross sections and inclusive decay
rates, which receive both virtual and real gluon corrections. One motivation
for this extension is to understand the low value of the BLM scale in some





! hadrons) and for the decay rate  ( ! 

+ hadrons). In the MS





































































+ : : : ;(10)
where Q
i
denote the electric charges of the quarks, s is the centre-of-mass
energy, and quark mass eects are neglected. Clearly, the terms proportional
to 
0
give the main contribution to the two-loop coecients. In the case of
R

they are numerically quite important. If one uses the BLM prescription
to absorb these terms into a redenition of the scale in the running coupling














respectively. A more striking example is provided by the parton model pre-
diction for the semi-leptonic decay rate  (b ! u e 
e
). The corresponding
perturbative series is [23]


























+ : : : ; (11)






' 340 MeV. Here and in the case of R

, the BLM scales
are so low that one may doubt the reliability of the perturbative expansion.
It is therefore important to understand the origin of these low scales and to
consider higher-order terms in the series.
The generalization of the resummation procedure to the description of
cross sections and inclusive decay rates is the subject of this work. There
are two important distinctions to the cases considered in Ref. [1]. First,
in the calculation of radiative corrections both virtual and real gluons have
to be considered, and only the sum of their contributions is infrared nite
[24, 25]. Clearly, in such a situation one has to generalize the idea of per-








= 0 for real gluons. Second, the operator product expansion (OPE)
can only be justied in the euclidean region, although it is sometimes argued
that a \generalized OPE" based on quark{hadron duality holds in the phys-
ical region (i.e. the region of time-like momenta) after applying a \smearing








encountering some new features arising from the above-mentioned complica-
tions. In particular, the linear form of the integral representation in (1) will
be replaced by non-linear representations, in which instead of the coupling
constant there appears a process-dependent function of the coupling con-
stant. In these non-linear representations the integration variable  looses
its meaning as a physical scale, and it is no longer obvious how to separate
short- and long-distance contributions. Moreover, we will see that the choice
of this function is not unique, leading to non-perturbative ambiguities in the
denition of the resummed series which are not related to infrared renor-
malons. Unlike in cases where the OPE can be applied in the standard way,
these ambiguities can therefore not be absorbed into the denition of other
non-perturbative parameters such as vacuum condensates.
In Sect. 2 we briey review some results derived in Ref. [1] for the pertur-
bative series for the correlator of two vector currents in the euclidean region.
In Sect. 3 we perform the analytic continuation to the physical region and dis-






Section 4 is devoted to the analogous discussion for the decay-rate ratio R

.
A numerical analysis of the results is presented in Sect. 5. In Sect. 6 we
summarize our ndings and give some conclusions.
2 Current correlator in the euclidean region
Let us collect some results for the correlator (Q
2
























































In Ref. [1] we have constructed the resummation of renormalon chains for






































(  ) + ln  ln(1 +  )
i





( ) = 8C
F























;  > 1 : (15)
Here C
F








ln(1   y) is the




( ) and its rst three derivatives are
continuous at  = 1, but higher derivatives are not. A graphical representa-
tion of the distribution function is given by the solid line in Fig. 1. We nd




( ) as a function of ln  , since then
the integrals hln
n
 i have a direct graphical interpretation. For instance, the
arrow with the label \D" indicates the average value hln  i, which according
to (8) determines the BLM scale. We observe that the distribution function
is rather narrow and centred around ln  ' 1. As a consequence the BLM




, and the corrections to the BLM
approximation will turn out to be small (see Sect. 5). In order to associate




) = ln +C,
where  is the scale in the running coupling constant. In the V scheme, where




. In the MS scheme, where
C =  5=3, it corresponds to ln  = 5=3.
For large values of  the distribution function decreases like ln =
2
, so
that the integral in (14) is ultraviolet convergent. In order to calculate the













 i = 18   12(3) ' 3:575 ; (16)
7
Dτ























(dashed-dotted line) as a function of ln  . The arrows indicate the average
values of ln  , which determine the BLM scales.













' 2:625 ; 
D
' 1:620 : (17)




( ) = C
F
n







As mentioned in the introduction, the linear term corresponds to an infrared
renormalon at u = 2 in the Borel transform of the perturbative series with
respect to the coupling constant.
1
In the case of the function D(Q
2
) the
























+ : : : ; (19)
1
Strictly speaking, it is the Borel transform in the limit 
0
! 1 that is relevant for




(u) and its relation to the perturbative series the
reader is referred to Ref. [1].
8
where the ellipses represent terms that are regular at u = 2. According to
(5), the presence of this renormalon pole leads to an ambiguity in the value





















indicates that one has to
add non-perturbative corrections to the perturbative expression for the func-
tion D(Q
2
). At the same order in the OPE there appears a contribution pro-
portional to the gluon condensate [27], which has an ultraviolet renormalon
ambiguity that compensates the ambiguity from the infrared renormalon in










Let us now consider the analytic continuation of the euclidean correlator
(Q
2
) to the physical region s =  Q
2
> 0. The imaginary part of the

















































) in the perturbative series for the quantity R(s) and to derive a
representation of the result as an integral over a distribution function. To this
end, we integrate (14) with respect to lnQ
2
and use the one-loop expression

















































is an arbitrary subtraction point. Next we perform the analytic
continuation Q
2









































































The need for the label \1" will become clear below. A similar integral repre-
sentation of the resummed partial series, in which there appears a non-linear
function of the coupling constant, has been obtained for some other quan-
tities by Beneke and Braun [3].
2
These authors have suggested to interpret
F
1
(a) as an eective coupling constant, which has the attractive features
that it agrees with the usual coupling constant in the perturbative region
0 < a  1, but it has a smooth behaviour in the infrared region. In Fig. 2
we show the eective coupling constant F
1
(a) and the bare coupling constant









the series resummed in (26) is the same as the series for the
function D(Q
2
) in (14). Therefore, the BLM scales are the same in the two
cases. Dierences appear rst at order 
3
s
, i.e. in the value of the parameter
 in (7), which in the present case is no longer given by the square of the
width 
D



































is negative, the leading correction to the BLM scheme eectively
increases the value of the scale. In general, non-linear representations like
(26), for which the growth of the running coupling constant in the infrared
region is damped, lead to an improved convergence of the perturbative series.
2
The precise relation between our approach and the one of Beneke and Braun is claried
in Ref. [16].
10








Figure 2: Eective coupling constants F
1
(a) (dashed-dotted line) and
F
2
(a) (solid line) as a function of 1=a. Both functions coincide for a > 0.
The dotted line shows the bare coupling constant a itself.
Let us now investigate the renormalon ambiguity of the resummed series
(26). Expanding the function F
1



















































































































which imply that integer powers of  in the distribution function are projected





(18), we see that the leading contribution to the renormalon ambiguity comes
from the term of order 
2
















in accordance with the fact that the leading infrared renormalon pole in






























+ : : : : (33)
The ellipses represent terms that are regular at u = 3.
At this point we add a word of caution related to the interpretation of the
integral in (26). In case of the linear integral representation (1) one can inter-
pret the integration variable  as a physical scale parameter and introduce a




to separate short- and long-distance contribu-
tions [1]. If one would proceed in the same way in the present case, one would





an interpretation is misleading, however. In non-linear representations there
is no physical signicance to the integration variable; for instance, one can ob-
tain dierent non-linear representations by changing variables or integrating
by parts. In the case of (26) one could try to obtain a linear representation
by repeating the steps used to derive the result for the renormalon ambigu-











( )] is the distribution function for R(s) in the linear repre-
sentation. For small values of  this function would scale like 
2
, so that the




, i.e. of the same




( ) are not
continuous at  = 1, however, one cannot perform these steps. The resulting
3





\distribution function" would contain an innite number of -function type
singularities at  = 1. In other words, for the physical correlation function
R(s) a linear representation of the form (26) does not exist [16].






. It is based on a representation of the function R(s) as an integral in
the complex plane. Using that in the real world the discontinuities of D( s)
are located on the positive real s-axis, and that Im(0) = 0, one obtains



















































































and we have used that
a( xs) =
a(s)
1 + a(s) ln( x)
(37)






It is surprising that the resummations (26) and (35) involve the same
distribution function but dierent functions of the coupling constant. Clearly,
both results would have to be equivalent if the perturbative approximation
for the D-function would satisfy the analyticity properties of the physical
D-function. However, it does not. Consider, for example, the \one-loop"
expression D( s) = 1 + 
s
( s)=. The cut on the positive s-axis starts
at s = 0 (not s > 0), and in addition there is the Landau pole on the
negative s-axis. The same applies for the resummed series in (14); however,
13
in this case the Landau pole of the running coupling constant leads to a
cut on the negative s-axis. It is not dicult to show that these two defects
are responsible for the dierence between the two resummations. Note that




(a) are identical for a > 0,
implying that (26) and (35) correspond to the resummation of one and the
same perturbative series. The two functions dier only for negative values of
a, i.e. below the Landau pole. The dierence between the two resummations








































=s is the position of the Landau pole. Note that this dier-
ence is parametrically larger than the renormalon ambiguity of the resummed
series given in (32). Indeed, the eect is not related to renormalons; both re-
summations correspond to the same perturbative series and thus to the same
Borel transform. The ambiguity resulting from the existence of (at least) two
dierent resummations of one and the same perturbative series is an eect
that cannot be accomodated in the context of an OPE, in the sense that the
ambiguity cannot be absorbed into the denition of other non-perturbative
parameters such as vacuum condensates. This is in contrast to the case of
the euclidean correlation function D(Q
2
), for which the OPE provides a con-
sistent framework to incorporate non-perturbative eects. In this case the
infrared renormalon ambiguity in the denition of the perturbative series
cancels against an ultraviolet renormalon ambiguity in the denition of the





for the function D(Q
2
).
4 Decay-rate ratio R

As a second example we consider the resummation of renormalon chains for
















For simplicity we neglect quark mass eects and small electroweak radiative
corrections, which are however known [21, 28]. Our goal is to understand
14






(in the MS scheme), and to investigate the eect of higher-
order terms by performing the resummation of renormalon chains. As in the
previous case, R

can be expressed in terms of the imaginary part of the
correlator ( s) in the physical region s > 0, or as a contour integral over
the D-function in the complex plane. We will again nd that the result of
the resummation depends on which representation one chooses.
The rst method is to relate R

to an integral over the function R(s)
introduced in (21). For xed neutrino energy E

, the invariant mass s
had
of
the hadronic nal state in the decay  ! 


















2 [0; 1] : (40)
In the limit where one neglects the light quark masses, and as long as one






in the perturbative series, the
hadronic dynamics is described by the function R(s
had
) discussed in the pre-




















) is the normalized invariant mass spectrum
at tree level. This expression allows us to understand the low value of the




















+ h ln x i ; (42)
where












is the average of lnx over the invariant mass spectrum. Hence, the BLM




























We will see below that this is indeed the exact result. The fact that the BLM
scale for R

is lower than m

simply reects the distribution of the hadronic
mass in the decay.
Let us now proceed to construct the resummation of renormalon chains
for R

. Substituting either (26) or (35) into (41) and rescaling the integration
variable ( ! =x), we immediately obtain two dierent representations for


























(a) as given in (25) and (36), respectively. The new distribution













































































































































































(y) denotes the trilogarithm function. In
Fig. 1 we compare the distribution functions appearing in the resummations
16







. Note that the area under the two curves is
the same. The distribution function for R
































(3) ' 4:169 : (48)
For the BLM scale and the parameter , which determines the leading cor-


























' 0:509 : (49)
For large values of  the distribution function falls o like ln =
2
, so that
the integral in (45) is ultraviolet convergent. The asymptotic behaviour for































Using (31) we nd that the renormalon ambiguity in the value of the re-



























corresponding to an infrared renormalon singularity located at u = 3. This
can also be seen from the Borel transform of the series T (m
2








































where the ellipses represent terms that are regular at u = 3.
For later purposes it will be useful to rewrite the result (45) in another
form. Instead of performing the x-integration over the distribution function,
one can perform it over the function F
n







































1 + a lnx

: (54)
Eqs. (45) and (53) provide an example of the fact that the integration variable
 has no signicance as a physical scale if the integral representation is non-















in the case of (53). Nevertheless, both
representations are equivalent and lead to the same numerical results.
We will now discuss a third resummation method, which uses the repre-
sentation of R

as a contour integral in the complex plane. Since in the real
world the discontinuities of the function D( s) lie on the positive real s-axis
and start at a value s
0




































































































considered in the previous section, eqs. (53) and (56) provide three resum-
mations of the perturbative series for R

which have the same distribution
function, but dierent eective coupling constants G
n
(a). These three func-
tions are shown in Fig. 3. For small positive values of a they have identical
Taylor expansions, meaning that all three resummations correspond to one
and the same perturbative series. Outside the radius of convergence the
functions G
n
(a) are quite dierent, however, leading to dierences in the
value of the resummed series which have the form of non-perturbative power
corrections. Again these non-perturbative eects have nothing to do with in-
frared renormalons. It is not dicult to trace how the dierences arise from
the wrong analytic properties of the perturbative expression for the function
D( s), which has Landau pole singularities on the negative s-axis and a cut













; a > 0 ,













; a > 0 ,
 1 ; a < 0 .
(58)


































































































































the dierences are parametrically larger than the renormalon ambiguity given










Let us now present a numerical analysis of our results. In Table 1 we com-
pare the following approximations for each of the quantities S(M
2
) shown
in the rst column: the one- and (partial
4
) two-loop expressions evaluated
using the \natural" scale M in the running coupling constant, the one-loop
expression evaluated using the BLM scale, the truncated series including the
rst correction to the BLM scheme (denoted by S
BLM

) given by the term
proportional to  in (7), and the partial resummation of the series provided
by the integral over the distribution function. In the latter case we use the
principle value prescription to regularize the Landau pole in the running cou-
pling constant. For R(s) and T (m
2

) we compare the results obtained using
the dierent integral representations. In the last column we give the value
of the renormalon ambiguity S
ren
. In the case of D(Q
2
) and R(s) we show
the results both for a small and a large value of Q
2
and s. We use the one-
loop expression for the running coupling constant in the MS scheme with

5
= 111 MeV, 
4
= 150 MeV and 
3
= 177 MeV, so that the coupling





= 1:44 GeV. To obtain the value of the renormalon ambiguity
we use 
0
= 9 and 
V
= 408 MeV, corresponding to n
f
= 3.







perturbative series are the same up to two-loop order. The resummation of
renormalon chains leads to a further increase of the euclidean correlation
function by 3%, whereas the value of the physical correlation function is
decreased by 1%. This reects the smooth behaviour of the eective coupling
constants F
n






is numerically small, although larger than the renormalon ambiguity
R
ren













) become very small. The series are essentially saturated at
two-loop order.
Consider now the results for T (m
2








). As in the case of R(s), the resummation of
renormalon chains compensates to some extent the enhancement caused by




. Most striking are the signicant dier-
4






. As pointed out in the introduction, for the quantities considered here
the remaining two-loop corrections are very small.
20
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 11
ences between the three resummations T
(n)
res
, which are about two orders of
magnitude larger than the renormalon ambiguity. We will comment on the
phenomenological implications of this observation in the next section.
Another way of comparing our all-order resummation of renormalon chains
to the BLM scheme is to dene, for each series, a scale 

such that the one-
loop correction evaluated at this scale reproduces the resummed series. For
the quantities considered here, this means that S
res











cases, indicating that the BLM prescription gives a reasonable approximation




in the case of the
euclidean correlation function D(Q
2
), meaning that the higher-order correc-
tions eectively decrease the BLM scale. In the case of the cross-section and
decay-rate ratios R(s) and T (m
2











in the low-momentum region. This improves the convergence of the series,
eectively increasing the value of the BLM scale.
6 Conclusions
Generalizing the approach proposed in Ref. [1], we have investigated the re-
summation of renormalon chain contributions in the perturbative calculation
21
Table 2: Comparison of the BLM scale with the scale 

corresponding to the full




















































































. Our approach is equivalent to an all-order resummation of






in the perturbative series for these quan-
tities. It provides a generalization of the BLM scale-setting prescription [2],





are absorbed into a redenition of the scale in
the running coupling constant.
The discussion in Ref. [1] was devoted to QCD Green functions without
external gluon elds and to euclidean correlation functions of currents, which
receive only virtual gluon corrections. In the calculation of cross sections and
inclusive decay rates, on the other hand, both virtual and real gluons have to
be considered. As a consequence, in the expression for the resummed series,
which has the form of a one-dimensional integral over the running coupling
constant with some distribution function, there appears an eective coupling
constant, which is screened in the low-momentum region. Such non-linear
representations have also been derived, in a somewhat dierent context, by
Beneke and Braun [3].
By summing an innite set of diagrams our scheme reaches beyond pertur-
bation theory. In any nite-order perturbative calculation non-perturbative
eects are implicitly present due to low-momentum contributions in Feyn-
man diagrams, but are not visible as they are exponentially small in the
coupling constant. Yet perturbation theory \knows" about these contribu-
22
tions in the form of infrared renormalons, which make a perturbative series
non Borel summable. This means that attempts to resum the series will lead
to unavoidable ambiguities. In our scheme these ambiguities arise from the
integration over the Landau pole in the running coupling constant. They
are a reminder that perturbation theory is incomplete; any perturbative cal-
culation must be supplemented by non-perturbative contributions. For the
quantities considered in Ref. [1], the OPE provides the framework for a con-
sistent incorporation of non-perturbative eects. In this case the infrared
renormalon ambiguities can be absorbed into the denition of some non-
perturbative parameters, such as the vacuum condensates. A new feature of
the present analysis is that it refers to quantities dened in the physical re-
gion (i.e. for time-likemomenta), for which the standard OPE does not apply.
We have found a new source of non-perturbative ambiguities in the denition
of the resummed series, which are not related to infrared renormalons. These
ambiguities are related to the choice of the non-linear function of the cou-
pling constant in the integral representation of the resummed series. They
are parametrically larger than the infrared renormalon ambiguities and thus
cannot be absorbed into the denition of other non-perturbative parameters.
The appearance of this new source of ambiguity is surprising and is the
most striking observation of our analysis. The precise origin and interpre-
tation of this eect, as well as its phenomenological implications, deserve
further study [16]. Let us give an optimistic and a pessimistic point of view.
The optimistic one is to say that only one form of the resummation is correct
and the others are not. This seems plausible, at rst sight, in the case of R

.
The representation of T (m
2

) as a contour integral in the complex plane in
(55) has the obvious advantage that it requires knowledge of the D-function
only on a circle of radius m
2

, whereas the integral in (41) involves an inte-
gral over R(s) from s = 0 to s = m
2

. It is conceivable that the OPE works
only for the integration around the circle, in which only large momentum






case both representations are based on correlation functions evaluated at




j = s [see (34)].
Thus, a priori there is no clear preference for either one of the two resumma-
tions. Nevertheless, as in the case of R

the dierence between the results
is parametrically larger than the renormalon ambiguity in the denition of
the resummed series. Thus, at present we cannot exclude the pessimistic









ect the failure of the standard OPE in the physical region. This would
imply that to the resummed perturbative series for these quantities one has
to add non-perturbative power corrections that are not related to vacuum
expectation values of local, gauge-invariant operators. The values of these
non-perturbative terms depend on the resummation prescription chosen for
the perturbative series. It is not obvious to us which theoretical framework
can be employed to accommodate these terms.
It is of great importance to settle the question which of the above views
is the right one. Let us illustrate some phenomenological implications with
two examples. We have mentioned in the introduction that the inclusive
B ! X e 
e






and that the corresponding BLM scale is very low. In the case of b ! u




in the MS scheme [23].
This observation casts doubt on the reliability of the perturbative expansion
and calls for an analysis of higher-order terms in the series. It is thus very
interesting to investigate the resummation of renormalon chains in this case.
5
However, based on our analysis we expect that also in this case the result of






. In the latter case this would limit the accuracy with




of the CKM matrix.
Our second example concerns the quantity R

, measurements of which






) with high precision [21, 29], [31]{[34]. From the most re-
cent analysis of the experimental data, one has obtained the value R

=





) = 0:367  0:018 [35]. The theoretical





) = 0:014 [29]. To achieve such
a high precision, it is essential to assume that non-perturbative eects occur
rst at order 1=m
4

[21]. Several authors have questioned this assumption and






. Both infrared and ultraviolet renormalons have received main
attention in these studies [9], [36]{[40]. Here we have identied a new possi-
ble origin of such non-perturbative corrections. We have seen explicitly that
there exist at least three partial resummations of the perturbative series for
R

which dier by amounts of order 1=m
2

. Unless one can show that one
of these resummations is correct while the others are wrong, one has to con-
5
We have been informed that this calculation is in progress [30].
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, where  is of the order of the QCD scale but otherwise un-
determined. If we take half of the spread between the three results in Table 1








' 12% ; (60)
which is an order of magnitude larger than the error quoted in Ref. [29].
Clearly, it is of great importance to investigate whether this pessimistic pos-
sibility can be ruled out.
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Figure 3: Eective coupling constants G
1
(a) (dashed-dotted line), G
2
(a)
(dotted line) and G
3
(a) (solid line) as a function of (a) the inverse cou-
pling constant 1=a, and (b) the coupling constant a. For small positive
values of a, the three functions have identical Taylor expansions.
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